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Abstract 
Flight loads calculations play a fundamental role in the development 
and certification of an aircraft and have an impact on the structural 
sizing and weight. The number of load cases required by the 
airworthiness regulations is in the order of tens of thousands and the 
analysis must be repeated for each design iteration. On large aircraft, 
CS-25 explicitly requires taking into account for loads prediction, 
airframe flexibility, unsteady aerodynamics and interaction of 
systems and structure, leading to computationally expensive 
numerical models. Thus there is a clear benefit in speeding-up this 
calculation process. This paper presents a methodology aiming to 
significantly reduce the computational time to predict loads due to 
gust and maneuvers. The procedure is based on Model Order 
Reduction, whose goal is the generation of a Reduced Order Model 
(ROM) able to limit the computational cost compared to a full 
analysis whilst retaining accuracy. The method is applied to a 
commercial transport aircraft modeled with beam elements, unsteady 
aerodynamics based on Doublet Lattice Method and servo-hydraulic 
actuators for the control surfaces. The aeroelastic equations of motion 
are formulated in the time-domain, through the Rational Function 
Approximation and application of the Balanced Truncation method. 
The results obtained with the reduced model shows a very good 
accuracy with respect to the full model and a significant saving in 
computational time. The impact of flexibility on the gust load factor 
is also highlighted, comparing it with the quasi-static analysis by 
Pratt’s formula, current standard for Part 23 aircraft. 
 
Introduction 
Flight loads calculation is one of the first and most important 
processes in the design and certification of an aircraft. The 
certification specifications for large aircraft, EASA CS-25 and FAA 
FAR-25 [1,2], mandate for rational analysis taking into account all 
the relevant structural degrees of freedom, unsteady aerodynamics 
and interaction of structure and systems, which dictate the use of 
complex aeroelastic models [3]. Besides, the number of load cases to 
be considered to assure structural integrity can easily reach the order 
of hundreds of thousands. For all these reasons, the turnaround time 
of loads calculation is high and impacts on the downstream activities; 
therefore there is a clear benefit in speeding it up. 
The common industrial approach is to generate a numerical model 
based on a Finite Element discretization of the airframe and unsteady 
aerodynamics. Whereas classical aeroelastic analyses have been 
performed routinely in frequency domain [4], when actuators driving 
control surfaces and control laws are considered it is easier to cast the 
equations in time domain [5] to obtain a Linear Time Invariant (LTI) 
state-space model. This also allows reducing the size of the model 
applying Model Order Reduction (MOR) techniques [6]. These 
techniques produce Reduced Order Models (ROM) which are capable 
of retaining the accuracy of the original model, but with a significant 
reduction of computational time.  
In this paper a reduced order aeroservoelastic model of a generic 
transport aircraft is developed for gust and flight maneuvers 
responses and a MOR technique applied to reduce its size and show 
the advantage in terms of calculation time and loads prediction 
accuracy. 
The paper is organized as follows: in the first section the building 
blocks of the aeroservoelastic model are presented, i.e. structure, 
aerodynamics and control surfaces actuators. A time domain state-
space model is generated and its size reduced to obtain the ROM. 
Discrete gust responses and pitching maneuver simulations according 
to the certification specifications are then performed to compute 
airframe loads and assess the validity of the approach and the saving 
in computational time. A brief comparison of the gust load factor and 
wing loads obtained through a dynamic response analysis and 
through the application of a quasi-static methodology such as Pratt’s 
formula, currently the standard for Part 23 aircraft, is also presented. 
Aeroservoelastic Model 
Flight loads calculations are typically performed using an 
aeroservoelastic model of the aircraft capable of representing, with a 
different degree of fidelity and uncertainty according to the phase of 
the development cycle, the vibration behavior over a frequency range 
of interest, the aerodynamics characteristics, including control 
surfaces, and the interaction of systems and structure (as stated in CS 
25.302), mainly the Flight Control System. 
The procedure proposed in this work is applied to a generic 
commercial transport aircraft, depicted in Figure 1; its main 
geometric and mass properties are summarized in Table 1. This 
model was developed as a part of the EU funded FFAST FP7 project. 
The building blocks of the aeroservoelastic model are now presented. 
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Figure 1. Aeroelastic model of the generic commercial transport aircraft 
Table 1. Main properties of the generic commercial transport aircraft 
Property Value 
Length 67m 
Wingspan 65m 
Height 17m 
Wing area 445m2 
Mean Aerodynamic Chord 6.07m 
MTOW 268tons 
Empty weight 192tons 
Cruise Mach 0.85 
Max operating Mach 0.89 
Max operating altitude 43000ft 
MA  0.82 
MC  0.89 
MD  0.95 
nz,max 2.5g 
nz,min -1g 
 
Structural Model 
The structural model of the aircraft, shown in Figure 1, is a beam-
stick finite element model built in the commercial solver Nastran. 
The fuselage, wing, engine pylons and tailplanes are represented by 
bar elements (CBAR) and rigid elements (RBE2) are used to connect 
the different subcomponents. The mass distribution is represented 
both by distributed masses on the bar elements, for the structural 
mass, and by lumped masses (CONM2), these accounting for the 
engines, systems, furniture, payload and fuel. 
The structural dynamics equations are formulated via the modal 
approach and selecting the first 30 normal modes of the free-free 
structure, including the 6 rigid body modes, to obtain the modal mass, 
damping and stiffness matrices, namely 𝑴𝒉𝒉, 𝑪𝒉𝒉 and 𝑲𝒉𝒉. This 
subset of lower frequencies modes is sufficient to obtain converged 
airframe loads. 
Aerodynamic Model 
The aerodynamic model is based on the Doublet Lattice Method 
(DLM) available in Nastran. The DLM is a 3D subsonic unsteady 
panel code formulated in the frequency domain and has long 
established itself as the standard methodology employed in the 
industry for aeroelastic calculations. The wing and tailplanes are 
modelled by a flat plate mesh, whereas the aerodynamic effect of the 
fuselage is neglected. The model contains also control surfaces 
(elevator, rudder and ailerons). The interpolation between the 
structural and aerodynamic meshes is based upon the Infinite Plane 
Spline method [7]. The DLM provides the Generalized Aerodynamic 
Forces (GAF) due to structural motion, gust disturbance and control 
surfaces deflections as complex matrices tabulated as a function of 
Mach number and a finite set of 𝑛𝑘 reduced frequencies, namely 
𝑸𝒉𝒉(𝑀, 𝑘), 𝑸𝒉𝒈(𝑀, 𝑘) and 𝑸𝒉𝒄(𝑀, 𝑘). 
Flight Control System 
The control surfaces of the aircraft are driven by servo-hydraulic 
actuators. The modelling of the actuator follows [8]. Its dynamics is 
represented as a 3rd order transfer function between the pilot input 𝑢𝑐 
and the actual control surface deflection 𝛿. The open-loop transfer 
function of the actuator relates the control surface deflection to the 
displacement of the servo-valve spool  𝑢𝑣 
𝐺(𝑠) =
𝛿
𝑢𝑣
=
𝑔
𝑠 (
𝑠2
𝜔ℎ
2 +
2𝜁
𝜔ℎ
𝑠 + 1)
 
                                                                                                           (1) 
where 𝜔ℎ is the hydraulic angular frequency, 𝜁 the hydraulic 
damping and 𝑔 the gain. Since the equations governing the actuator 
dynamics are non-linear, to obtain the transfer function these are 
linearized in the neighborhood of an operating point, assumed to be 
the neutral position of the valve spool. A feedback between the valve 
spool displacement and the desired input 𝑢𝑐 is introduced and the 
closed-loop transfer function becomes 
𝐻𝑐(𝑠) =
𝛿
𝑢𝑐
=
𝑘𝑐𝐺(𝑠)
1 + 𝑘𝑐𝐺(𝑠)
 
                                                                                                           (2) 
with 𝑘𝑐  being the proportional gain.  
Under this modelling assumption, the actuator acts as a shaping filter 
of the pilot input command and in series with the aeroelastic plant. 
State-Space Model 
The classical approach used in aeroelasticity for loads and flutter 
analyses solves the equations of motion in the frequency domain. To 
apply the Model Order Reduction method presented in this paper, the 
equations of motion must be translated into the time domain and 
casted in state-space form, leading to the Linear Time Invariant 
system 
?̇?𝒂𝒆 = 𝑨𝒂𝒆𝒙𝒂𝒆 + 𝑩𝒂𝒆𝒖 
𝒚 = 𝑪𝒂𝒆𝒙𝒂𝒆 + 𝑫𝒂𝒆𝒖 
                                                                                                           (3) 
where ?̇?𝒂𝒆 are the states of the aeroservoelastic system, including the 
structural, aerodynamic and actuator states, 𝒖 is the input exciting the 
aircraft, a gust or a pilot command, and 𝒚 the output, loads on the 
airframe or other Interesting Quantities (IQ).  
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Since the aerodynamic forces are available in the frequency domain 
in tabulated form, to obtain Eq. (3) a Rational Function 
Approximation (RFA) of the matrices 𝑸𝒉𝒉(𝑀, 𝑘) and 𝑸𝒉𝒈(𝑀, 𝑘) is 
performed. This consists of approximating the aforementioned 
matrices by a rational polynomial in the Laplace variable 𝑠 such that 
𝑸𝒉?̃?(𝑠,𝑀) = 𝑫𝟎 +
𝑙𝑎
𝑉
𝑫𝟏𝑠 + (
𝑙𝑎
𝑉
)
2
𝑫𝟐𝑠
2 + 𝑪𝒂 (𝑠𝑰 −
𝑉
𝒍𝒂
𝑨𝒂)𝑩𝒂𝑠 
𝑸𝒉?̃?(𝑠,𝑀) = 𝑫𝟎𝒈 +
𝑙𝑎
𝑉
𝑫𝟏𝒈𝑠 + (
𝑙𝑎
𝑉
)
2
𝑫𝟐𝒈𝑠
2 + 𝑪𝒈 (𝑠𝑰 −
𝑉
𝒍𝒂
𝑨𝒈)𝑩𝒈𝑠 
                                                                                                           (4) 
Many approaches have been developed to perform this 
approximation; in the following Roger’s method [9] is employed. It 
assumes that Eq. (4) are rewritten as 
𝑸𝒉?̃?(𝑠,𝑀) = 𝑫𝟎 +
𝑙𝑎
𝑉
𝑫𝟏𝑠 + (
𝑙𝑎
𝑉
)
2
𝑫𝟐𝑠
2 +
𝑉
𝑙𝑎
∑
𝑠
𝑠+𝑉 𝑙𝑎
⁄ 𝛽𝑙
𝑛𝑎
𝑙=1
𝑨𝑙 
𝑸𝒉?̃?(𝑠,𝑀) = 𝑫𝟎𝒈 +
𝑙𝑎
𝑉
𝑫𝟏𝒈𝑠 +
𝑉
𝑙𝑎
∑
𝑠
𝑠+𝑉 𝑙𝑎
⁄ 𝛽𝑔𝑙
𝑛𝑔
𝑙=1
𝑨𝒈𝑙 
                                                                                                           (5) 
In the original formulation the unknowns are the coefficients of 𝑫𝟎, 
𝑫𝟏, 𝑫𝟐 and 𝑨𝒍, while the number and values of the aerodynamic 
poles 𝛽𝑙  are selected a-priori and 𝛽𝑙 < 0 to ensure asymptotic 
stability. The coefficients of the polynomial are then identified by a 
linear least-square procedure applied term by term to the matrix 𝑸𝒉𝒉, 
i.e. a curve fitting is performed. In this work, Roger’s formulation is 
extended considering the aerodynamic poles as free design variables 
of an optimization process whose objective function is the 
minimization of the squared error between the approximated and 
tabulated GAF. Several studies have been published on the nonlinear 
optimization of the aerodynamic poles [10,11,12]. In the present 
work, nonlinear non-gradient constrained optimizations are 
performed to select the aerodynamic poles minimizing the following 
objective function 
ℱ = ∑(∑ ∑ 𝑤𝑖𝑗𝜀𝑖𝑗𝑚
𝑛𝑘
𝑚=1
𝑛ℎ
𝑖=1
)
1/2𝑛ℎ
𝑗=1
 
𝜀𝑖𝑗 =
|𝑄𝑖?̃? − 𝑄𝑖𝑗|
2
𝑚𝑎𝑥𝑚{1, |𝑄𝑖𝑗|2}
 
                                                                                                           (6) 
Where 𝑤𝑖𝑗 are weighting factors that can be chosen if some specific 
elements of the GAF matrices are deemed more important to be 
approximated accurately. The whole RFA procedure consists thus of 
a two-level optimization: an inner linear least-square curve fitting for 
the coefficients matrices at the numerator of Eq. (5) and an outer 
nonlinear optimization for the aerodynamic poles 𝛽𝑙 . 
The GAF of the control surfaces are instead cast into time domain 
through a quasi-steady approximation so that 
𝑸𝒉?̃?(𝑠,𝑀) = 𝑫𝟎𝒄 +
𝑙𝑎
𝑉
𝑫𝟏𝒄𝑠 + (
𝑙𝑎
𝑉
)
2
𝑫𝟐𝒄𝑠
2 = 
= 𝑸𝒉𝒄(0,𝑀) +
𝑙𝑎
𝑉
𝑸𝒉𝒄
′ (0,𝑀)𝑠 +
1
2
(
𝑙𝑎
𝑉
)
2
𝑸𝒉𝒄
′′ (0,𝑀)𝑠2 
                                                                                                           (7) 
Optimized Rational Function Approximation 
The RFA is performed employing and comparing three non-gradient 
optimization algorithms: a Nelder-Mead simplex scheme, both in its 
unconstrained and constrained bounded version [13], a genetic 
algorithm [14] and simulated annealing [15]. As indicators of the 
goodness of the fit, the total root mean square error and the 
Frequency Response Assurance Criterion (FRAC) are calculated as 
𝐸𝑅𝑅 =
1
√𝑛𝑘
∑(∑ ∑ 𝑤𝑖𝑗𝜀𝑖𝑗𝑚
𝑛𝑘
𝑚=1
𝑛ℎ
𝑖=1
)
1/2𝑛ℎ
𝑗=1
 
𝐹𝑅𝐴𝐶𝑖𝑗 =
|𝑸?̃?(𝑖𝑘)
𝑇𝑸𝒋(𝑖𝑘)|
2
|𝑸?̃?(𝑖𝑘)𝑇𝑸?̃?(𝑖𝑘)| ∙ |𝑸𝒋(𝑖𝑘)𝑇𝑸𝒋(𝑖𝑘)|
 
                                                                                                           (8) 
The RFA of 𝑸𝒉𝒉 is performed assuming 5 aerodynamic poles at 14 
reduced frequencies. The total root mean square error for the 
unoptimized and the three optimization algorithms is reported in 
Table 2. For the same number of aerodynamic poles, there is an 
improvement of the curve fitting error for the optimized RFAs. It is 
interesting to note that the three algorithms deliver different poles, 
but the total error is comparable. 
Table 2. Total root mean square error for unoptimized and optimized Qhh 
RFAs 
Method ERR Aerodynamic poles 
RFA standard 1.290E-03 0.057, 0.227, 0.510, 0.907, 1.417 
RFA Nelder-Mead 6.422E-04 0.520, 0.689, 0.741, 0.999, 1.001 
RFA Genetic Algorithm 5.309E-04 0.633, 0.784, 0.869, 1.041, 1.106 
RFA Simulated Annealing 5.135E-04 0.698, 0.899, 0.932, 0.973, 1.189 
 
The optimized RFA shows most of its benefit particularly for the 
approximation of the gust aerodynamic force matrix 𝑸𝒉𝒈. It is known 
that the terms of this matrix show a spiral behavior at high reduced 
frequencies in the Re-Im plane, due to the penetration term, that are 
difficult to approximate with rational polynomials [16]. The 
optimization of the poles introduces additional design variables 
which can be tuned to improve the curve fitting. 
The curve fit of four elements of 𝑸𝒉𝒈, computed with the same four 
approaches and assuming 6 aerodynamic poles, is presented in Figure 
2 and the FRAC for the standard and Genetic Algorithm RFA in 
Figure 3; the total root mean square error and the resulting 
aerodynamic poles are given in Table 3. The improvement is 
confirmed, especially at high reduced frequencies where the spiral 
behavior is significant. 
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Figure 2. Curve fit for different RFA methods of four Qhg elements 
 
Figure 3. FRAC comparison between standard (unoptimized) RFA and RFA 
optimized using Genetic Algorithm of Qhg 
Table 3. Total root mean square error for unoptimized and optimized gust 
RFAs 
Method ERR Aerodynamic poles 
RFA standard 6.716E-01 0.032, 0.128, 0.289, 0.513, 0.802, 1.154 
RFA Nelder-Mead 2.211E-01 0.662, 0.663, 0.668, 0.670, 0.689, 0.693 
RFA Genetic Algorithm 2.228E-01 0.652, 0.658, 0.668, 0.682, 0.683, 0.708 
RFA Simulated Annealing 2.257E-01 0.570, 0.616, 0.626, 0.752, 0.769, 0.770 
 
Once the RFAs of 𝑸𝒉𝒉 and 𝑸𝒉𝒈 are performed, the aeroelastic 
equations of motion can be cast into state-space form Eq. (3), where 
the state-space matrices are 
𝑨𝒂𝒆 =
= 
[
 
 
 
 
 
𝟎 𝑰
−𝑴𝒂𝒆
−1(𝑲𝒉𝒉 − 𝑞∞𝑫𝟎) −𝑴𝒂𝒆
−1(𝑪𝒉𝒉 − 𝑞∞
𝒍𝒂
𝑽
𝑫𝟏)
𝟎 𝟎
𝑞∞𝑴𝒂𝒆
−1𝑪𝑎 𝑴𝒂𝒆
−1𝑪𝑔
𝟎                                     𝑩𝒂
𝟎                                     𝟎
𝑉
𝒍𝒂
𝑨𝒂          𝟎
 𝟎     
𝑉
𝒍𝒂
𝑨𝒈 ]
 
 
 
 
 
 
𝑩𝒂𝒆 = 𝑞∞
[
 
 
 
 
𝟎 𝟎
𝑴𝒂𝒆
−1𝑫𝟎𝒈 𝑴𝒂𝒆
−1𝒍𝒂
𝑉
𝑫𝟏𝒈
𝟎             𝟎
𝟎             𝑩𝒈 ]
 
 
 
 
 
𝑪𝒂𝒆 = [𝑰𝑳 𝟎      𝟎 𝟎] 
𝑫𝒂𝒆 = 0 
                                                                                                           (9) 
with 
𝑴𝒂𝒆 = 𝑴𝒉𝒉 − 𝑞∞(
𝒍𝒂
𝑽
)
2
𝑫𝟐 
                                                                                                         (10) 
And 𝑰𝑳 is the matrix whose columns contain the airframe loads 
(bending moment, shear, torque) due to each normal mode retained in 
the analysis. 
The control surfaces deflections 𝛿 are linked to the pilot command 
via the transfer function Eq. (2). This is transformed from the Laplace 
domain to a state-space form through a controllable canonical 
realization [17] in series with the aeroelastic state-space model. 
The final states vector of the aeroservoelastic system contains the 
modal displacement and velocities, the aerodynamic states arising 
from the RFA of 𝑸𝒉𝒉 and 𝑸𝒉𝒈 and the actuator states 
𝒙𝒂𝒔𝒆 = [𝒒𝒉, 𝒒?̇?, 𝒙𝒂, 𝒙𝒈, 𝒙𝒂𝒄𝒕𝒖]
𝑇
 
                                                                                                         (11) 
The input vector 𝒖 contains the gust velocity and its time derivative 
𝑤𝑔 and 𝑤?̇? and the desired elevator deflection 𝛿 and its first and 
second time derivatives. Gust responses and flight maneuvers are 
therefore simulated by integration of the state-space equations 
through the state transition matrix [17]. 
To further confirm the validity of the RFA and to ensure that the 
aircraft considered does not show unstable response, a flutter analysis 
is performed by the standard Nastran PK method (frequency-domain) 
and by the RFA. The comparison of the flutter diagrams obtained by 
the two methods is presented in Figure 4. The results show a good 
agreement between the frequency-domain and time-domain analysis, 
both for the damping and frequency predictions. Two modes show 
flutter at a very high speed, well above 1.2𝑉𝐷. The major differences 
are in the damping of the highly damped modes, but these are less 
relevant than the flutter speed and frequency, which are predicted 
with an error less than -0.4%. 
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Figure 4. Flutter diagram comparison between Nastran PK and RFA, 
unmatched analysis at Mach 0.60
Model Order Reduction 
Model Order Reduction (MOR) is a mathematical technique applied 
to reduce the size of a numerical model. The original Full Order 
Model (FOM) is approximated by a low-dimensional Reduced Order 
Model (ROM) which can retain a good accuracy with a significant 
speed-up of the simulation time. This saving in computational time is 
particularly beneficial for an aircraft loads calculation process, where 
thousands of analyses are required to show compliance with the 
certification requirements. The total number of states of the 
aeroservoelastic system Eq. (11) is given by 
𝑁 = 2𝑛ℎ + 𝑛ℎ(𝑛𝑎 + 𝑛𝑔) + 3𝑛𝑎𝑐𝑡𝑢 
                                                                                                         (12) 
where 𝑛ℎ is the number of structural modes retained, 𝑛𝑎 and 𝑛𝑔 the 
number of aerodynamic poles for the RFA of the GAF due to the 
structural motion and gust and 𝑛𝑎𝑐𝑡𝑢 the number of control surface 
actuators. For the present model it equals 393. Although this figure is 
not as high as in other engineering applications, there is still a benefit 
in reducing the model’s size since the number of flight conditions, 
gust lengths, maneuvers and mass configurations that have to be 
considered to evaluate flight loads could easily lead to hundreds of 
thousands of simulations.  
An extensive overview of MOR is given by Antoulas in [6]. All the 
existing methods are projection-based, that is they seek to find an 
approximation of the FOM states into a lower dimensional subspace. 
Considering a LTI system such as the one of Eq. (3), a ROM of order 
𝑛𝑟 ≪ 𝑁 is determined by applying left and right projectors 𝑾 ∈
ℝ𝑁 𝑥 𝑛𝑟  and 𝑽 ∈ ℝ𝑁 𝑥 𝑛𝑟 to the FOM matrices 
𝑨𝒓 = (𝑾
𝑇𝑽)−1𝑾𝑇𝑨𝑽 
𝑩𝒓 = (𝑾
𝑇𝑽)−1𝑾𝑇𝑩 
𝑪𝒓 = 𝑪𝑽 
                                                                                                         (13) 
The right and left projection matrices 𝑾 ∈ ℝ𝑁 𝑥 𝑛𝑟 and 𝑽 ∈ ℝ𝑁 𝑥 𝑛𝑟  
are referred as the Reduced Order Basis (ROB) and the methods used 
to calculate these fall into three categories [6]: 
 Krylov subspace methods 
 Balanced Truncation 
 Proper Orthogonal Decomposition 
Balanced Truncation is chosen as the reduction technique. It is 
commonly employed in the control system field and has desirable 
properties such as stability preservation and an 𝐻∞ error bound. For 
more details refer to [6]. 
Balanced Truncation transforms the original states to a subspace 
where the new states each corresponds to a Hankel singular value 𝜎𝑘, 
which is a measure of the importance of that state in the input-to-
output relation. The states associated with the smallest Hankel 
singular values can be discarded and the 𝐻∞ error bound of the 
resulting ROM is guaranteed to satisfy 
𝑒𝑟𝑟𝐻∞ ≤ 2∑ 𝜎𝑘
𝑁
𝑘=𝑛𝑟+1
 
                                                                                                         (14) 
The right and left bases computed by BT are one the inverse of the 
other, i.e. 𝑾𝑇 = 𝑻𝑩, 𝑽 = 𝑻𝑩
−1 and 𝑾𝑇𝑽 = 𝑰, therefore Eq. (13) 
become 
𝑨𝒓 = 𝑻𝑩𝑨𝑻𝑩
−1 
𝑩𝒓 = 𝑻𝑩𝑩 
𝑪𝒓 = 𝑪𝑻𝑩
−1 
                                                                                                         (15) 
Results 
The procedure presented is applied to the gust response and pitching 
maneuver simulation of the generic transport aircraft. The IQs 
monitored are the integrated loads (bending moment, shear and 
torque) along the wing and horizontal tail and the vertical load factor. 
Gust response 
CS-25 and FAR-25 specify the discrete gust load cases required for 
certification (CS 25.341 and FAR 25.341) considering the aircraft in 
level flight and subject to symmetrical vertical and lateral gust with a 
“1-cosine” velocity profile having a gust gradient 𝐻 (half of the gust 
wavelength) and a maximum gust velocity 𝑤𝑔0 (Eq. (16)). Different 
gust gradients between 30ft and 350ft must be investigated to 
determine the critical condition for each load quantity. 
𝑤𝑔0 = 𝑤𝑟𝑒𝑓 (
𝐻
350
)
1/6
 
𝑤𝑔(𝑠) =
𝑤𝑔0
2
[1 − cos
𝜋𝑠
𝐻
] 
                                                                                                         (16) 
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For the present analysis, the state-space FOM and ROM are 
assembled in a specific flight condition, altitude 25000ft and Mach 
number 0.60.  
Balanced Truncation is applied to reduce the model size from 393 
states to 24 states. Two FRFs of the original and reduced order 
systems (gust to wing root bending moment and gust to wing root 
torque) are compared in Figure 5 and a good matching can be clearly 
seen in the frequency range of interest. The Hankel singular values of 
the balanced system are also presented in Figure 6 to show their rapid 
decay, which allow retaining a limited number of states without loss 
of accuracy. 
 
Figure 5. FRFs of the FOM and ROM 
 
Figure 6. Hankel singular values of the system after balanced truncation 
Subsequently, gust responses with ten different gust gradients are 
simulated. The FOM and ROM bending moment at the wing root and 
the torque at the wing engine inboard sections are presented in Figure 
7 and Figure 8 for all the gust gradients. The loads shown are the 
incremental ones, i.e. those generated only by the gust to which the 
1g level flight loads must be superimposed.  
Two dimensional load envelopes of the considered gust family are 
obtained, on each load monitoring sections, by plotting the time 
history one IQ vs. another, for instance bending moment vs. torque, 
and taking the convex hull of this set of points. The resulting 2D plots 
(sometimes called “potato plots”) represent correlated loads, that is 
loads acting at the same time instant on the airframe and balanced, 
and are among the most common critical load selection criteria 
employed. Figure 9 and Figure 10 present such plots for the wing 
root and wing engine inboard sections, comparing the FOM and the 
ROM. The colored dashed lines represent the torque vs. bending 
moment plots for each gust gradients, whose envelope is the 
correlated loads plot. 
As shown by these results, the agreement between the FOM and the 
ROM is excellent, both in terms of time histories and of load 
envelopes. The number of states selected for the ROM is mainly 
dictated by having a good prediction of the torque, associated with 
higher frequencies modes, whereas the bending moment is accurately 
computed even with a smaller ROM. 
The speed-up obtained with the ROM is significant: for the gust 
responses considered the saving in computational time reaches 78%. 
Whereas for the FOM most of the computational time is taken by the 
integration itself (94% of the total time), for the ROM the expensive 
phase is the generation of the balanced truncation, accounting for 
65% of the total computational time.  
 
Figure 7. Wing root bending moment for 10 gust gradients, FOM vs. ROM 
 
Figure 8. Wing engine inboard torque for 10 gust gradients, FOM vs. ROM 
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Figure 9. Correlated loads plot at the wing root for a gust family, FOM vs. 
ROM 
 
Figure 10. Correlated loads plot at the wing engine inboard section for a gust 
family, FOM vs. ROM 
Comparison with Pratt’s formula 
In the past decades gust loads have been determined for long with 
quasi-static methods [18], which greatly simplify the complexity, and 
associated time, of the calculations involved. Over the years various 
formulas have been proposed [18], in particular Pratt’s formula [19] 
has been successfully adopted by the industry and still today, for Part 
23 aircraft, it is the standard approach required. Part 25, on the other 
hand, mandates for more rational analysis taking into account load 
redistribution due to deformation and unsteady aerodynamics. 
The gust load factors and wing loads obtained applying Pratt’s 
formula and performing a dynamic analysis in time-domain are now 
presented. 
Pratt’s formula calculates the incremental load factor at the aircraft 
CG due to a gust as: 
∆𝑛𝑧 = 𝐾𝑔
𝜌𝑤𝑔0𝑉𝐶𝐿𝛼
2𝑊/𝑆
 
                                                                                                         (17) 
where 𝑊/𝑆 is the wing loading, 𝜌 the air density, 𝑉 the airspeed, 𝐶𝐿𝛼 
the aircraft lift curve slope and 𝐾𝑔 the so-called gust alleviation 
factor. 
Assuming the flight condition previously specified (M 0.60, 25000ft), 
which corresponds to 𝐾𝑔 = 0.7975, the gust load factors computed 
by Eq. (17) and by dynamic simulation (“1-cosine” velocity profile) 
are compared in Figure 11 for ten gust gradients. There is a good 
matching between the two methodologies for gust gradients between 
10 and 12 chords, which is to be expected since Pratt’s formula has 
been derived assuming a gust gradient of 12.5 chords. As the gust 
gradient decreases the mismatching increases because smaller gust 
gradients have higher frequency content (see Eq. (16)) that excites 
more the flexible modes, whereas longer gust gradients excite 
predominantly rigid body modes. 
Once the gust load factor has been computed by Pratt’s formula, to 
obtain the loads along the wingspan a rigid trim analysis at this 
specific load factor is performed. The resulting bending moment 
along the wingspan is shown in Figure 12 alongside with the bending 
moment calculated by dynamic response at the gust gradient and time 
instant of maximum wing root bending moment (10.5 chords). The 
latter is higher than the former along the whole wingspan, with 
dynamic amplification factors between 1.13 and 1.18. 
It is clear that a quasi-static analysis could lead to a non conservative 
estimation of the loads whenever the effects of the structural 
dynamics and unsteady aerodynamics are relevant, such as for 
modern transport aircraft where the lowest wing elastic frequencies 
are in the order of few Hz. 
 
Figure 11. Gust load factor vs. gust gradient by Pratt's formula and dynamic 
response 
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Figure 12. Wing bending moment for critical gust gradient by steady trim at 
Pratt’s formula load factor and dynamic response 
Pitching maneuver 
Certification requirements cover two types of symmetric maneuvers: 
unchecked and checked. The abrupt unchecked pitching involves, 
with the aircraft in steady flight up to 𝑉𝐴, a sudden displacement of 
the pitch control (elevator) so as to yield the maximum positive load 
factor; the response needs not to be considered after this limit, or the 
maximum tail load, has been reached. The checked pitching 
maneuver, starting with the aircraft in steady flight between 𝑉𝐴 and 
𝑉𝐷, considers both nose-up and nose-down pitching obtained 
applying a displacement of the pitch control defined as 
𝛿(𝑡) = 𝛿1 sin(𝜔𝑡)                                          0 < 𝑡 ≤ 𝑡1, 𝑡1 = 𝜋 2𝜔⁄  
𝛿(𝑡) = 𝛿1                                                     𝑡1 < 𝑡 ≤ 𝑡2, 𝑡2 = 𝑡1 + ∆𝑡 
𝛿(𝑡) = 𝛿1 sin(𝜔[𝑡 + 𝑡1 − 𝑡2])       𝑡2 < 𝑡 ≤ 𝑡𝑚𝑎𝑥,   𝑡𝑚𝑎𝑥 = 𝑡2 + 𝜋 𝜔⁄  
                                                                                                         (18) 
where the circular frequency 𝜔 is taken equal to the undamped 
natural frequency of the short period mode of the aircraft, but not less 
than 𝜔 = 𝜋𝑉 2𝑉𝐴⁄ . The maximum deflection applied 𝛿1 and the 
holding time ∆𝑡 must be selected to achieve, and not exceed, the 
positive limit load factor, for initial nose-up maneuvers, or a load 
factor of 0g, for initial nose-down maneuvers. 
For the checked pitching both the elevator deflection  𝛿1 and the 
holding time ∆𝑡 can be tuned to reach the required load factor, 
resulting in an underdetermined problem. The actual elevator time 
history is then found through an optimization, where the objective 
function is the sum of two terms properly weighted, one chosen to 
achieve the target load factor and the other to maximize a specific IQ, 
for instance the squared sum of the horizontal tail bending moment 
and torque. The elevator deflection has upper and lower bounds set to 
the maximum available deflection and the holding time must not 
exceed 5s. This optimization is considerably faster when performed 
via the ROM than with the FOM. 
Pitching maneuvers simulations are carried out at Mach 0.60 and 
25000ft with the same FOM and ROM previously presented. The 
vertical load factor at the CG (incremental) for a nose-up and nose-
down abrupt pitching maneuver is shown in Figure 13. The 
simulation is stopped once the aircraft reaches the maximum or 
minimum load factor. Figure 14 presents the correlated load plot for a 
checked pitching maneuver at the horizontal tail root section, which 
is usually sized by this type of load case. These results confirm that 
also for flight maneuvers the ROM is capable of delivering accurate 
results with a significant saving in computational time, which, for 
these simulations, reaches 60%. 
 
Figure 13. Aircraft load factor during a nose-up and nose-down unchecked 
pitching maneuver, FOM vs. ROM 
 
Figure 14. Correlated loads plot at the horizontal tail root for a nose-up and 
nose-down checked pitching maneuver, FOM vs. ROM 
 
Conclusions 
A technique to generate a Reduced Order Model in time domain of a 
generic transport aircraft has been presented. It includes the main 
elements of aeroservoelastic models commonly employed in an 
industrial environment, i.e. airframe flexibility, unsteady 
aerodynamics and actuator dynamics. The reduced size model is used 
to run gust responses and pitching maneuver simulations to compute 
airframe loads. It is demonstrated that the accuracy of the ROM is 
excellent whereas the computational time is significantly reduced. A 
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further development of the method pursues the fast and efficient 
generation of the ROM at different flight conditions, to cover all the 
points in the flight envelope that must be analyzed in the loads 
process, by interpolating a database of ROMs built at a few selected 
points of the flight envelope. Such procedure is built upon the 
framework proposed in this paper and it is presented by Castellani et 
al. in [20]. 
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